ABSTRACT. Over suitable monoidal model categories, we construct a Dwyer-Kan model category structure on the category of algebras over an augmented operadic collection. As examples we obtain Dwyer-Kan model category structure on the categories of enriched wheeled props, wheeled properads, and wheeled operads, among others. This result extends known model category structure on the categories of operads, properads, and props enriched in simplicial sets and other monoidal model categories. We also show that our Dwyer-Kan model category structure is well behaved with respect to simultaneous changes of the underlying monoidal model category and the augmented operadic collection.
INTRODUCTION
This paper is about higher categorical properties of operad-like algebraic structures. An important component in the study of higher algebraic structure is a suitable model category structure on the category of small categories enriched in simplicial sets, or simplicial categories for short. Such a model category structure, called the Dwyer-Kan model category structure, was first proved in [Ber07] . For more general base monoidal model categories, the Dwyer-Kan model category 1 structure on small enriched categories was obtained in [Lur09, Mur15] . A closely related model category structure on small enriched categories appeared in [BM13] .
Operads are generalizations of categories in which arrows are allowed to have any finite number of inputs. They are sometimes called small symmetric multicategories; see [Yau16] for a gentle introduction to operads. In the algebraic setting, algebras over operads include associative algebras, commutative algebras, Lie algebras, Poisson algebras, and diagrams of such algebras, among others. In the topological setting, algebras over operads include iterated loop spaces, E n -algebras, and other structured ring spectra. Going up from categories to operads, there is an analogous Dwyer-Kan model category structure on the category of simplicial operads, i.e., operads with a set of colors, which are allowed to vary, enriched in simplicial sets [CM13, Rob11] . For more general base monoidal model categories, such a Dwyer-Kan model category structure on enriched operads was obtained in [Cav14] .
Props are generalizations of operads in the sense that arrows are allowed to have any finite number of inputs and outputs; see [YJ15] for an in-depth discussion of various cousins of operads and props, including their wheeled generalizations. Props can model both multiplicative and comultiplicative structure simultaneously, including bialgebras and Lie bialgebras. The Dwyer-Kan model category structure for simplicial props [HR16] and simplicial properads [HRY15] are known to exist. For more general base monoidal model categories, the Dwyer-Kan model category structure on enriched props was proved in [Cav15] .
The first main objective of this paper is to prove the existence of the DwyerKan model category structure for a much larger class of enriched operad-like structure in a unified manner. This includes not only enriched operads, properads, and props, but also enriched wheeled operads, wheeled properads, and wheeled props [YJ15] . Wheeled versions of operads, properads, and props are important in topological conformal field theory, deformation quantization, Poisson geometry, and graph cohomology, among others [MMS09, Mer10] . The wheeled part of these algebraic structures refers to a structure map called the contraction, which in specific examples is actually the trace map.
For a fixed color set C, there is a colored operad whose algebras are exactly the C-colored wheeled props [YJ15] . Similar colored operads exist for the other operadlike structure with a fixed color set. Allowing the color set to vary, we arrive at the concept of an operadic collection (S, O) (Def. 3.2.4). Here S parametrizes the possible numbers of inputs and outputs, and O assigns to each set an operad in a functorial way. For example, there is an operadic collection whose algebras are exactly the enriched wheeled props, and likewise for the other enriched operad-like structure (Example 3.3.4). The category of algebras over an operadic collection is actually the Grothendieck construction of some functor; see (3.2.8) and Remark 6.5.7.
An operadic collection is augmented if, roughly speaking, it is nicely related to the operadic collection whose algebras are enriched categories with extra entries (Def. 6.1.1). An augmented operadic collection is admissible if its category of algebras admits the Dwyer-Kan model category structure (Def. 6.5.4). The following observation is our first main result. It will appear as Theorem 6.5.5 below.
Theorem 1.0.1. Every augmented operadic collection in a convenient model category (Def.
6.5.2) is admissible.
For example, as we will see in Example 6.5.6, using appropriately chosen augmented operadic collections, we obtain Dwyer-Kan model category structure on the categories of enriched (wheeled) props, (wheeled) properads, and (wheeled) operads. For enriched operads, properads, and props, our results recover known model category structure mentioned above. For enriched wheeled operads, wheeled properads, and wheeled props, our results are new. Furthermore, this Dwyer-Kan model category structure is cofibrantly generated in which trivial fibrations and fibrant objects are easy to describe. In fact, a map is a trivial fibration if and only if it is entrywise a trivial fibration that is surjective on colors. An object is fibrant if and only if it is entrywise fibrant.
In the previous theorem, due to its generality, the underlying category has to be suitably restricted to what we call a convenient model category (Def. 6.5.2). Examples include the familiar model categories of simplicial sets, of chain complexes and simplicial modules over a field of characteristic zero, and of small categories with the folk model structure.
Our strategy for proving Theorem 1.0.1 is different from the existing strategy for proving the existence of the Dwyer-Kan model category structure on enriched categories, operads, and props mentioned above. Given an augmented operadic collection (S, O) with augmentation α, there are two adjunctions in which M is the underlying category and Cat M is the category of small Menriched categories (Example 3.3.2). It is important to note that the Dwyer-Kan weak equivalences and fibrations in Alg(S, O) cannot be defined by the forgetful functor to Cat M because the latter does not have enough entries. The middle category Alg(S, As
Our second main result is about the homotopy invariance of the Dwyer-Kan homotopy theory in the previous theorem. The idea is that, under suitable conditions, a Quillen equivalence between the underlying categories should lift to a Quillen equivalence between the algebra categories. In the case of monoids, such a homotopy invariance result goes back to [SS03] (3.12). For small enriched categories, a result along the same lines is [Mur15] (1.4). For algebras over colored operads with a fixed color set, such a homotopy invariance result is in [WY16] ; see Theorem 7.3.10. Here we extend it to the categories of algebras over augmented operadic collections. The following observation is our second main result. It will appear as Theorem 7.4.1 below. Theorem 1.0.2. Suppose: ) is an augmented operadic collection in N with the same S.
• α ∶ (S, O) / / (S, RP) is a map of operadic collections in M that is compatible with the augmentations.
• For each set C, the entrywise adjoint of the map α C ∶ O C / / RP C is an entrywise weak equivalence in N .
Suppose further that one of the following two conditions holds:
(1) (L, R) is a nice Quillen equivalence (Def. 7.3.7), and both operadic collections (S, O) and (S, P) are entrywise cofibrant (Def. 7.3.9). (2) Both (S, O) and (S, P) are Σ-cofibrant.
Then there is an induced Quillen equivalence

Alg(S, O)
L / / Alg(S, P).
Rα o o
For example, as we will explain in Section 7.5, if (L, R) is a nice Quillen equivalence, then there are induced Quillen equivalences between categories of enriched (wheeled) props, (wheeled) properads, and (wheeled) operads. Examples of nice Quillen equivalences, which appear in (1) above, include the Dold-Kan correspondence for a field of characteristic zero and the analogous adjunction for reduced rational simplicial and chain complexes of Lie algebras [Qui69] (p.211).
The rest of this paper is organized as follows. In Section 2 we recall some basic concepts regarding colored operads. In Section 3 we define operadic collections, maps between them, and their algebras, and discuss a series of examples. In Section 4 we recall the Dwyer-Kan homotopy theory of small enriched categories from [BM13, Mur15] . In Section 5 we extend this to the Dwyer-Kan homotopy theory of small enriched categories with extra entries. Our two main results are proved in Section 6 and Section 7, respectively. Acknowledgment. The author would like to thank David White for reading an earlier draft of this paper and for his many useful comments. The author would also like to thank Philip Hackney for pointing out an inaccuracy in an earlier version of this paper.
COLORED OPERADS WITH FIXED COLORS
In this section we recall some results regarding colored operads for a fixed color set. Throughout this section (M, ⊗, 1) denotes a bicomplete (i.e., has all small limits and colimits) symmetric monoidal closed category with initial object ∅. The monoidal unit will be written as 1 M if we need to emphasize M.
Colors and Profiles.
Here we recall from [YJ15] some notations regarding colors that are needed to talk about colored objects.
Definition 2.1.1 (Colored Objects). Fix a non-empty set C, whose elements are called colors.
(1) A C-profile is a finite sequence of elements in C, say,
with each c i ∈ C. The set of C-profiles is denoted Prof(C). The empty Cprofile is denoted ∅, which is not to be confused with the initial object in M. Write c = m for the length of a profile c. (2) An object in the product category ∏ C M = M C is called a C-colored object in M, and similarly for a map of C-colored objects. A typical C-colored object X is also written as {X a } with X a ∈ M for each color a ∈ C.
Next we define the colored version of a Σ-object, also known as a symmetric sequence.
Definition 2.1.2 (Colored Symmetric Sequences). Fix a non-empty set C. 
where there is one coproduct summand for each orbit [a] of a C-profile.
(4) Define the diagram category
whose objects are called C-colored symmetric sequences. By the decomposition (2.1.3), there is a decomposition
where
In what follows, we think of the profile c ∈ Prof(C) as parametrizing the inputs, while d ∈ C is the color of the output.
Colored Circle Product.
We will define C-colored operads as monoids with respect to the C-colored circle product. To define the latter, we need the following definition. 
where the first map is the diagonal map followed by the isomorphism
We will mainly use the construction ⊗ D when D is the finite connected groupoid
Convention 2.2.2. For an object A ∈ M, A ⊗0 means 1, the monoidal unit in M.
Definition 2.2.3 (Colored Circle Product
(1) Define the object
The above left Kan extension is defined as
(2) By allowing left permutations of c above, we obtain
×Σ [c] with components
×Σ [c] .
is defined to have components
where the coproduct is indexed by all the orbits in Σ C .
Proposition 2.2.4. With respect to the
Proof. This is 3.2.18 in [WY15] . In the one-colored case, this is first proved in [Rez96] (2.2.6) and also in [Har10] (4.21). The reader is referred to [Yau16] (Ch. 11) for an explicit description of the structure maps of a C-colored operad.
2.3. Algebras over a Colored Operad. We will regard M C as a full subcategory of SymSeq C (M) (2.1.4) by identifying {X c } c∈C ∈ M C with the C-colored symmetric sequence with entries
Definition 2.3.1. Suppose O is a C-colored operad. The category of algebras over the monad [Mac98] (VI.2) There is a free-forgetful adjoint pair
When drawing an adjunction, our convention is to draw the left adjoint on top. 
Proof. This is 4.2.1 in [WY15] . In the one-colored case, this is first proved in [Rez96] (2.3.5) and also in [Har10] (5.15).
OPERADIC COLLECTIONS
In this section we define operadic collections, our main objects of study, and discuss a series of examples of interest. Throughout this section (M, ⊗, 1) denotes a bicomplete symmetric monoidal closed category with initial object ∅. Recall that Prof(C) is the set of C-profiles for a set C (Def. 2.1.1).
Colored Operads with Varying Colors.
Definition 3.1.1. Suppose P is a D-colored operad in M and f ∶ C / / D ∈ Set. Then f * P is the C-colored operad with entries
This implies that properties of colored operads can often be deduced from the fixed color set case. 
In writing d c ∈ Prof(C) ×2 , our convention is to regard c (resp., d) as in the first (resp., second) copy of Prof(C), parametrizing the inputs (resp., outputs).
Example 3.2.3.
(
such that the following two conditions hold. For a set C, we will write O(C) as O C .
where f c ∈ Prof(D) is the result of applying f entrywise to c ∈ Prof(C) and likewise for f d.
If S is clear from the context, then we will omit it from the notation. (1) An (S, O)-algebra is a pair (C, A) consisting of a set C, called the color set, and
D is a map of color sets and
Its O C -algebra structure maps are the composites 
, with entries and structure maps defined as above. Furthermore, this functor admits a left adjoint. (3) There is a functor 
in Alg(S, O) such that:
for t ∈ S(C) and O C -algebra structure maps as in (3.2.6).
(2) On colors g is the identity map on C, and g
the same as f for t ∈ S(C).
for t ∈ S(C), is the identity map. such that for each map f ∶ C / / D ∈ Set, the map
is entrywise either the identity map of the monoidal unit in M or the unique map from ∅ to ∅ or 1.
Let us write M S(−) for the category Alg(S, I). Explicitly, an object in M S(−) is a pair (C, A) consisting of a set C and an object A ∈ M S(C) , so A has entries
consists of a map f ∶ C / / D of color sets and an entry map
For each set C, suppose As C is the C ×2 -colored operad such that Alg(As C ) is the category of M-enriched categories with object set C and object-preserving functors [Yau16] (14.4 and 20.2). Its entries are either the initial object ∅ or a finite coproduct of the monoidal unit 1. There is a unique operadic collection {(1, 1)}, As such that for each map f ∶ C / / D ∈ Set, the map
is entrywise either uniquely determined by the identity map of the monoidal unit in M or the unique map from ∅ to ∅ or 1. such that for each map f ∶ C / / D ∈ Set, the map
is entrywise either uniquely determined by the identity map of the monoidal unit in M or the unique map from ∅ to ∅ or 1. Note that if S = {(1, 1)}, then (S, As S ) = {(1, 1)}, As , the operadic collection for small M-enriched categories in Example 3.3.2.
An (S, As S )-algebra is a pair (C, A) consisting of a color set C and an object A ∈ M S(C) such that:
∈ C is an As C -algebra, i.e., an M-enriched category with object set C; • There are no structure maps on the entries
We will call
• an (S, As S )-algebra an M-enriched category with S-entries, • the As C -algebra A cat the categorical part of (C, A), and • the other entries the non-categorical part of (C, A). There are no extra conditions imposed on the entry maps when restricted to the non-categorical parts.
Example 3.3.4 (Operad-Like Structure). The reference for this example is [YJ15] , to which we refer the reader for specific definitions. For our current objective, the specific definitions of graphs are not that important. What matters is that, in the following table, each category in the right-most column can be realized as the category of algebras of some operadic collection.
For each set C, according to [YJ15] (Lemma 14.4) there is an S(C)-colored operad G C whose category of algebras is the category of G C -props in M (Def. 10.39). Each entry of G C is a coproduct of copies of the monoidal unit, indexed by the set of strict isomorphism classes of ordered graphs in G C with the given vertex profiles and graph profiles. There is a unique operadic collection (S, G)
is induced by applying f to the coloring of C-colored ordered graphs [YJ15] (Def. 1.20). Here are some specific examples that extend those from [YJ15] (1.4.4, 10.5.3, and Ch. 11). 
.4). A map of operadic collections
In other words, a typical entry map of α C is a map
with n ≥ 0 and each t i ∈ S 1 (C).
(1) In the context of Example 3.3.1, there is a map of operadic collections
such that, for each set C, the map ι C ∈ Operad(M) is entrywise the identity map. (2) In the context of Example 3.3.3, there is a map of operadic collections
such that, for each set C, the map ι C ∈ Operad(M) is entrywise the identity map.
Example 3.4.5. Suppose (S, O) is an operadic collection. Then there is a canonical map of operadic collections
such that, for each set C, the map η
(M). In other words, for a fixed S, (S, I)
is the initial object among the operadic collections with the same S.
Example 3.4.7. The operadic collections in Section 3.3 are related as in the following commutative diagram of operadic collections. In every case, it is assumed that (1, 1) ∈ S ⊆ N ×2 . If S is not explicitly specified, then it is as in the table in Example 3.3.4. 
) is a map of operadic collections in M. Define the restriction functor
in which the local restriction functor
) is a map of operadic collections in a bicomplete symmetric monoidal closed category M. Then there is an adjunction
in which the right adjoint α * is the restriction functor (3.4.9)
Proof. There is a commutative diagram
of operadic collections, in which the bottom map is the one in (3.4.3) and the vertical maps are as in (3.4.6). There is an induced commutative diagram of restriction functors
together with adjunctions (η ! , η * ) and (ι ! , ι * ). Indeed, the right adjoint ι * forgets some entries, and ι ! adds some ∅ entries. Each right adjoint η * forgets about the operadic algebra structure maps, while ) is cocomplete (Proposition 3.2.9). Since ι * admits a left adjoint, the Adjoint Lifting Theorem [Bor94] (4.5.6) implies that α * also admits a left adjoint α ! .
Remark 3.4.13. In the diagram (3.4.12), the right adjoint diagram is commutative, i.e.,
By uniqueness the left adjoint diagram is also commutative up to natural isomorphism, i.e.,
Example 3.4.14. Consider the commutative diagram of operadic collections in Example 3.4.7. By Proposition 3.4.11 there is a commutative diagram of categories of algebras over operadic collections, in which each map is a left adjoint to some forgetful functor: 
In each case, the category is enriched in the underlying category M, and the dashed arrows were explained in the aforementioned example. For those categories that arise from pasting schemes as in Example 3.3.4, the left adjoint, such as (props) / / (wheeled props), on each object is described explicitly in [YJ15] (section 12.1.3).
Furthermore, in the adjunction
the right adjoint (−) cat simply forgets about the non-categorical part as defined in Example 3.3.3. The left adjoint adds ∅ entries for the non-categorical part.
HOMOTOPY THEORY OF ENRICHED CATEGORIES
In this section we recall the Dwyer-Kan model category structure on the category of all small M-enriched categories. Assume that the underlying category is a bicomplete symmetric monoidal closed category (M, ⊗, 1) with initial object ∅. A model category is right proper if the pullback of a weak equivalence along a fibration is again a weak equivalence.
A model category is cofibrantly generated [Hov99] (2.1.17) if it is equipped with a set I of cofibrations and a set J of trivial cofibrations (i.e., maps which are both cofibrations and weak equivalences) that permit the small object argument (with respect to some cardinal κ), and a map is a (trivial) fibration if and only if it satisfies the right lifting property with respect to all maps in J (resp., I).
An object is small if there is some regular cardinal κ for which it is κ-small. A strongly cofibrantly generated model category is a cofibrantly generated model category in which the domains of the maps in the sets I and J are small. A combinatorial model category is a cofibrantly generated model category whose underlying category is locally presentable [AR94] .
Definition 4.1.1. A symmetric monoidal closed category M equipped with a model structure is called a monoidal model category [SS00] if it satisfies the following pushout product axiom:
is a cofibration that is also a weak equivalence if either f or g is also a weak equivalence.
By adjunction the pushout product axiom can also be stated in terms of the internal hom; see [Hov99] (4.2.2). A monoidal model category is said to satisfy the monoid axiom if every transfinite composition of pushouts of tensor products of trivial cofibrations with an arbitrary object is a weak equivalence.
Dwyer-Kan Model Structure of Enriched Categories.
Next we recall the model structure on M-enriched categories from [BM13, Mur15] . The following concept is needed to define fibrations of M-enriched categories.
Isofibrations are the fibrations in the folk model structure of Cat [JT91, Rez] , the category of all small categories and functors between them. (1) There is a functor
that sends an M-enriched category A to the category π 0 (A) with the same objects as A and, for objects x and y in A, hom set
Here Ho(M) is the homotopy category of M, and 1 is the monoidal unit in M. We will write π M 0 for π 0 if we need to emphasize M.
Cat is an essentially surjective functor; i.e., each object in B is isomorphic to an object of the form π 0 ( f )(a) for some object a ∈ A.
Definition 4.2.4. Suppose M is a monoidal model category and f ∶ A / / B ∈ Cat M is a functor of small M-enriched categories.
(1) We call A locally fibrant if for each pair of objects x, y ∈ A, the object A(x, y) ∈ M is fibrant. (2) We call f a local weak equivalence (resp., local (trivial) fibration) if for each pair of objects x, y ∈ A, the map f ∶ A(x, y) / / B(x, y) ∈ M is a weak equivalence (resp., (trivial) fibration). (3) We call f a weak equivalence if it is a local weak equivalence that is also homotopically essentially surjective. (4) We call f a fibration if it is a local fibration that is also a homotopical isofibration. (5) If Cat M admits the model category structure with the above weak equivalences and fibrations, then it is called the Dwyer-Kan model category structure.
The following existence theorem is a combination of [BM13] (1.10) and [Mur15] (1.1). Our assumptions are strong enough to ensure that their model structures coincide.
Theorem 4.2.5. Suppose M is a combinatorial monoidal model category that satisfies the following conditions:
• M satisfies the monoid axiom, has a cofibrant monoidal unit, and is right proper.
• (1) Denote by 1 ∈ Cat {a} M the M-enriched category with only one object a such that 1(a, a) = 1, the monoidal unit in M.
(2) For a 2-element set {a, b}, we write C 1,1 for the left adjoint in the adjunction
(4.3.4) Here ∅ denotes the M-enriched category with an empty set of object, and C 1,1 (I) is regarded as a set of maps in Cat M .
Remark 4.3.5. For an object X ∈ M, the M-enriched category C 1,1 X ∈ Cat {a,b} M (4.3.3) has hom objects
Next we define the set J ′ of generating trivial cofibrations in Cat M , for which we first need some definitions.
of the fold map of the monoidal unit 1 in which H is a counital coassociative (cocommutative) comonoid in M, both ǫ and β are maps of comonoids, ǫ is a cofibration, and β is a weak equivalence.
Definition 4.3.8. A lax monoidal functor F ∶ M / / N between two monoidal categories is a functor equipped with structure maps Note that what is called a lax monoidal functor here is simply called a monoidal functor in [Mac98] . Definition 4.3.9. Suppose C is a category equipped with a subclass of objects called fibrant objects and a subclass of maps called weak equivalences.
(1) A fibrant replacement functor in C is a pair (R, η) consisting of
• a functor R ∶ C / / C and • a natural transformation η ∶ Id / / R such that, for each object X in C, RX is a fibrant object and η X ∶ X / / RX is a weak equivalence.
(2) Suppose further that C is a symmetric monoidal category. A fibrant replacement functor (R, η) in C is said to be lax symmetric monoidal if R is a lax symmetric monoidal functor such that η is a monoidal natural transforma-
The following model structure is needed to define the set of generating trivial cofibrations in Cat M . 
in which each map 1 / / T sends the object a ∈ 1 to the object a ∈ T.
Remark 4.3.14. Using the projective model category structure in Prop.4.3.10, it is possible to describe the cofibrations in the Dwyer-Kan model category structure on Cat M (Theorem 4.2.5). If f ∶ C / / D is a map of sets, then there is an induced change-of-color adjunction 
HOMOTOPY THEORY OF ENRICHED CATEGORIES WITH EXTRA ENTRIES
The purpose of this section is to prove Theorem 5.2.6, in which we show that, for a suitable model category M, the category Alg(S, As (1) For (m, n) ∈ S define a functor
by the universal property that there is a natural isomorphism
for all X ∈ M and (D, B) ∈ Alg(As S ).
(2) Define the sets of maps Remark 5.1.5. The functor C m,n (5.1.3) may be constructed as follows. For an object X ∈ M, the object C m,n X ∈ Alg(As S ) has color set a [1,m] , b [1,n] and entries Proof. First observe that by Remark 5.2.2 W S is closed under transfinite compositions because the class of weak equivalences in M and the class of equivalences of categories both have this property. So it is enough to show that the pushout of each map in J S is a weak equivalence. Consider a pushout
⊆ J S (4.3.13). Then the restriction to the categorical part
′ , by [Mur15] (10.2) the map h cat ∈ Cat M is a weak equivalence. Furthermore, the non-categorical part of h is entrywise the identity map because the left adjoint from M-enriched categories to Alg(As S ) (3.4.15) simply adds ∅ entries. Therefore, we conclude that h is a weak equivalence.
Next suppose g ∈ C m,n J for some (m, n) ∈ S ∖ {(1, 1)}, say g = C m,n j for some map a [1,m] , then the corresponding entry of the map h is the identity map. In particular, the restriction h cat ∈ Cat M is a weak equivalence. Furthermore, the square
is a pushout in M. Since j ∈ M is a trivial cofibration, this entry of h is also a trivial cofibration. We conclude that h is a weak equivalence in Alg(As S ). This proves that
Lemma 5.2.5. Suppose M is as in Theorem 4.2.5 and S ⊆ N
Proof. Suppose h is a map in Alg(As (1) h cat ∈ I ′ -inj and (2) the non-categorical part of h is entrywise a trivial fibration.
Likewise, h ∈ J S -inj if and only if:
(1) h cat ∈ J ′ -inj and (2) the non-categorical part of h is entrywise a fibration.
where W denotes the class of weak equivalences in Cat M . Together with the above descriptions of I S -inj and J S -inj, this proves the desired equality. 
4). • A map in Alg(As
S ) is a trivial fibration if and only if it is a local trivial fibration that is also surjective on colors.
• An object in Alg(As This follows from the description of trivial fibrations in Alg(As S ) and in Cat M , namely, local trivial fibrations that are surjective on colors in both cases.
HOMOTOPY THEORY OF ALGEBRAS OVER OPERADIC COLLECTIONS
In this section, building upon the Dwyer-Kan model category structure in Theorem 5.2.6, we prove our first main result Theorem 6.5.5, which equips the category of algebras over a suitable operadic collection with the Dwyer-Kan model category structure. Throughout this section, suppose M is a bicomplete symmetric monoidal closed category, and S ⊆ N ×2 with (1, 1) ∈ S. 
Fibrant Replacement.
Here we construct a fibrant replacement functor in the category of algebras over an augmented operadic collection. This is one ingredient that we will need to establish the desired Dwyer-Kan model category structure on the algebra category. First we define weak equivalences and fibrations in the algebra category.
Definition 6.2.1. Suppose (S, O, α) is an augmented operadic collection in a symmetric monoidal closed category M with a given model category structure.
(1) A map f ∈ Alg(S, O) is a weak equivalence (resp., fibration) if α * f ∈ Alg(S, As
is a weak equivalence (resp., fibration) in the sense of Def. 5.2.1. (2) An object in Alg(S, O) is fibrant if the unique map to the terminal object is a fibration.
Remark 6.2.2. In the context of Def. 6.2.1, the restriction functor (3.4.9)
Alg(S, As
does not change the underlying objects. In view of Remark 5.2.2, the following statements are true.
1) f ∈ Alg(S, O) is a weak equivalence if and only if (i) f is entrywise a weak equivalence in M and (ii)
π 0 (α * f ) cat ∈ Cat is essentially surjective. (2) f ∈ Alg(S,
O) is a fibration if and only if (i) f is entrywise a fibration in
Cat is an isofibration. Recall the concept of a (lax symmetric monoidal) fibrant replacement functor from Def. 4.3.9.
Lemma 6.2.4. Suppose M is as in Theorem 4.2.5, and (S, O, α) is an augmented operadic collection in M. If M has a lax symmetric monoidal fibrant replacement functor, then the category Alg(S, O) admits a fibrant replacement functor.
Proof. Suppose (C, A) ∈ Alg(S, O), so A is an O C -algebra. Write η ∶ Id / / R for the given lax symmetric monoidal fibrant replacement functor in M. Applying R entrywise to A yields RA ∈ M S(C) . Since R is lax symmetric monoidal, RA naturally becomes an RO C -algebra, where RO C is the S(C)-colored operad obtained by applying R entrywise to O C [YJ15] (Theorem 12.11). Since η is a monoidal natural transformation, applying it entrywise to O C yields a map
The induced functor on algebra categories
does not change the underlying objects [YJ15] (Lemma 13.26). The application of η entrywise to A now yields a map
Using the map η A , we will check that
is the desired functorial fibrant replacement of (C, A). Functoriality is a direct consequence of the construction. Let α be the augmentation of (S, O). Regarded in Alg(S, O), the map η A is the identity map on the color set C. Since the restriction functor α * (3.4.9) does not change the underlying objects, the map α * η A ∈
Alg(S, As
S
) is a weak equivalence by Remark 5.2.2. So the map η A ∈ Alg(S, O) is a weak equivalence.
It remains to show that η * C (RA) ∈ Alg(S, O) is a fibrant object, i.e., locally fibrant. Since η * C does not change the underlying objects, we just need to observe that RA is locally fibrant 6.3. Isofibration Axiom. The following condition will be needed later in the main theorem.
Definition 6.3.1. Suppose M is a symmetric monoidal closed category with a given model category structure.
(1) A simple fibration in Cat M is a map f ∶ (C, A) / / (C, B) ∈ Cat M such that: (a) On objects f is the identity map. Example 6.3.3. On the other hand, in general the isofibration axiom does not come for free. For example, the monoidal category of sets with the trivial model category structure (in which weak equivalences are the bijections and every map is both a fibration and a cofibration) does not satisfy the isofibration axiom. Indeed, in this case a simple fibration is a functor that is the identity map on objects. The functor π 0 ∶ Cat / / Cat is the identity functor. So a simple fibration f ∶ A / / B ∈ Cat is a homotopical isofibration if and only if, for each pair of objects x and y in A, every isomorphism in B(x, y) can be lifted back to A(x, y) via f . This is not automatic.
For instance, take A to be the category with two objects {0, 1} and no nonidentity maps. Take B to be the category with objects {0, 1} whose only non-identity maps are an isomorphism v ∈ B(0, 1) and its inverse v −1 ∈ B(1, 0). Then the objectpreserving functor f ∶ A / / B is a simple fibration but not a homotopical isofibration because the isomorphism v ∈ B(0, 1) cannot be lifted back to A(0, 1) = ∅ via f .
In Prop. 6.3.5 below we will develop a simple criterion for checking the isofibration axiom, for which we first need some definitions. An adjunction with left adjoint L and right adjoint R is denoted by (L, R). 
The following observation is useful for checking the isofibration axiom. 
Proof. Suppose f ∶ (C, A)
/ / (C, B) ∈ Cat N is a simple fibration, so it is the identity map on colors and is entrywise a fibration between fibrant objects in N . We must show that π 0 ( f ) ∈ Cat is an isofibration. Since the right Quillen functor R is lax monoidal, applying it entrywise to f yields a simple fibration 
is the Dold-Kan correspondence [Dol58, Kan58] . Then Prop. 6.3.5 and the previous case show that ch(k) satisfies the isofibration axiom. 
is the mild monoidal Quillen adjunction such that i is the inclusion functor and C 0 is the connective cover functor [Shi07] . Then Prop. 6.3.5 and the previous case show that Ch(k) satisfies the isofibration axiom.
6.4. Path Objects. Next we construct path objects in the category of algebras over an augmented operadic collection. This is another ingredient for the main theorem.
Definition 6.4.1. Suppose C is a category equipped with a class of maps called weak equivalences and another class of maps called fibrations. A path object for an object X in C is a factorization of the diagonal map
in C into a weak equivalence followed by a fibration [Hir03] (7.3.2(3)).
For an augmented operadic collection (S, O, α) (Def. 6.1.1), recall the definitions of weak equivalences and fibrations in Alg(S, O) in Def. 6.2.1.
Lemma 6.4.2. Suppose M is as in Theorem 4.2.5 that also satisfies the isofibration axiom (Def. 6.3.1) and has a cocommutative comonoidal interval (4.3.7). Suppose (S, O, α) is an augmented operadic collection in M. Then every fibrant object in Alg(S, O) has a path object that is preserved by the restriction functor (3.4.9)
Alg(S, As
Proof. Suppose (C, A) ∈ Alg(S, O) is a fibrant object, so A is an O C -algebra that is entrywise a fibrant object in M (Remark 6.2.3). Taking the entrywise internal hom from the given cocommutative comonoidal interval into A yields a factorization
of the diagonal map of A ∈ M S(C) . Here we use the notation X Y for the internal hom object Hom M (Y, X) in M. We will show that the factorization (6.4.3) can be upgraded to a path object for (C, A) . Specifically, we will equip each of the objects A H and A 1∐1 with an O C -algebra structure in such a way that β * is a weak equivalence and ǫ * is a fibration in Alg(S, O).
Since the assumed comonoidal interval is cocommutative, taking the entrywise internal hom from it into the S(C)-colored operad O C yields maps To show that the map
is a weak equivalence, we need to show that α * β * ∈ Alg(S, As
S
) is a weak equivalence in the sense of Def. 5.2.1. Since the restriction functor α * does not change the underlying map of β * and the latter is the identity map on colors, it is enough to show that β * is entrywise a weak equivalence in M. To see that β * is entrywise a weak equivalence, it is enough to observe that β ∶ H / / 1 is a weak equivalence between cofibrant objects and that A is entrywise fibrant and to use the pushout product axiom (Def. 4.1.1) and Ken Brown's Lemma [Hov99] (1.1.12). 
is a fibration, i.e., that α * ǫ * ∈ Alg(S, As
) is a fibration in the sense of Def. 5.2.1.
Since ǫ ∶ 1 ∐ 1 / / H is a cofibration between cofibrant objects and A is entrywise fibrant, the map ǫ * in (6.4.3) is entrywise a fibration between fibrant objects in M by the pushout product axiom (Def. 4.1.1). Since the restriction functor α * does not change the underlying map, α * ǫ * is entrywise a fibration. Furthermore, the restriction to the categorical part (α * ǫ * ) cat ∈ Cat M is a simple fibration (Def. 6.3.1). The isofibration axiom in M now implies that (α * ǫ * ) cat is a homotopical isofibration. Therefore, the map α * ǫ * ∈ Alg(S, As
) is a fibration.
With the O C -algebra structure above, we have shown that the factorization in (6.4.3) is a path object for (C, A) ∈ Alg(S, O). Since weak equivalences and fibrations in Alg(S, O) are defined by their α * -restrictions (Def. 6.2.1), this path object is preserved by the restriction functor α * .
6.5. Dwyer-Kan Model Structure. We will use the following model category structure lifting result from [JY09] (3.3).
• M is a strongly cofibrantly generated model category with set of generating (trivial) cofibrations I (resp., J).
• N has all small limits and colimits, and R creates and preserves filtered colimits.
• A map f ∈ N is called a weak equivalence (resp., fibration) if and only if R f ∈ M is a weak equivalence (resp.,
fibration). An object in N is called fibrant if and only if the unique map to the terminal object is a fibration.
• There is a fibrant replacement functor in N (Def. 4.3.9 ).
• Every fibrant object in N has a path object (Def. 6.4 
.1) that is preserved by R.
Then N admits a cofibrantly generated model category structure with the above weak equivalences and fibrations such that:
• The set of generating (trivial) cofibrations in N is LI (resp., LJ) .
• (L, R) is a Quillen adjunction. Definition 6.5.2. A convenient model category is a combinatorial monoidal model category M that satisfies the following conditions:
(1) The class of weak equivalences is closed under filtered colimits.
(2) M satisfies the monoid axiom and the isofibration axiom (Def. 6.3.1), has a cofibrant monoidal unit, and is right proper. (3) M has a lax symmetric monoidal fibrant replacement functor (Def. 4.3.9) and a cocommutative comonoidal interval (Def. 4.3.6).
Example 6.5.3. Examples of convenient model categories include the categories of simplicial sets [Qui67] , of (non-negatively graded or unbounded) chain complexes of modules over a characteristic zero field k [Hov99], of simplicial k-modules [Qui67] , and of small categories with the folk model structure [JT91, Rez] .
Definition 6.5.4. Suppose M is a symmetric monoidal closed category with a given model category structure, and (S, O, α) is an augmented operadic collection in M (Def. 6.1.1). We will say that (S, O, α) is admissible if the category Alg(S, O) admits the model category structure with weak equivalences and fibrations as in Def. 6.2.1.
This is called the Dwyer-Kan model category structure on Alg(S, O).
The following existence result is our first main result. 
4). • A map in Alg(S, O) is a trivial fibration if and only if it is a local trivial fibration (Def. 5.2.1) that is also surjective on colors. • An object in Alg(S, O) is fibrant if and only if it is locally fibrant.
Proof. Since M is a convenient model category, by Theorem 5.2.6 the category Alg(S, As S ) of M-enriched categories with S-entries admits the Dwyer-Kan model category structure. Furthermore, it is strongly cofibrantly generated with set of generating (trivial) cofibrations I S (resp., J S ). Define weak equivalences and fibrations in Alg(S, O) as in Def. 6.2.1.
We will apply the model category lifting Lemma 6.5.1 to the adjunction
in Prop. 3.4.11. The algebra category Alg(S, O) has all small limits and colimits by Prop. 3.2.9. The right adjoint α * creates and preserves filtered colimits by Lemma 6.1.3. There is a fibrant replacement functor in Alg(S, O) by Lemma 6.2.4. Finally, every fibrant object in Alg(S, O) has a path object that is preserved by α * by Lemma 6.4.2. Therefore, Lemma 6.5.1 applies to the adjunction (α ! , α * ). The descriptions of trivial fibrations and fibrant objects are true because they are true in Alg(S, As S ).
Example 6.5.6 (Dwyer-Kan Model Categories of Operad-Like Structure). Suppose M is a convenient model category, such as one of those in Example 6.5.3, and (S, O, α) is any one of the augmented operadic collections in M in the diagram in Example 3.4.7, except for (unital linear) and (S, I). Then Theorem 6.5.5 implies that the category Alg(S, O), which is one of the categories in the diagram in Example 3.4.14 except for (enriched categories) and M S(−) , admits the Dwyer-Kan model category structure. For example, taking (S, O, α) to be the augmented operadic collection of all wheeled graphs (resp., connected wheeled graphs, or wheeled trees), we have that the category of all small wheeled props (resp., wheeled properads, or wheeled operads) in M admits the Dwyer-Kan model category structure.
Using different methods, when M is the category of simplicial sets and (S, O) is the operadic collection of unital trees (resp., wheel-free graphs, connected wheelfree graphs, or simply-connected graphs), whose algebras are colored operads (resp., props, properads, or dioperads), this Dwyer-Kan model category structure was first obtained in [CM13, Rob11] (resp., [HR16] and [HRY15] ). For more general monoidal model categories M, this Dwyer-Kan model category structure was obtained in [Cav14] for colored operads and in [Cav15] for props. Our Dwyer-Kan model category structure in the wheeled cases (i.e., wheeled props, wheeled properads, and wheeled operads) are new.
Remark 6.5.7. When M is a convenient model category, every colored operad in M is admissible (Def. 7.2.1); see Example 7.2.2. Recall that the category Alg(S, O) coincides with the Grothendieck construction ∫ O (3.2.8). Equip the category of sets with the trivial model category structure, in which a weak equivalence is a bijection and every map is both a fibration and a cofibration. Then [HP15] (3.0.12) says that the category ∫ O = Alg(S, O) admits a model category structure, called the integral model structure, in which a map f is a weak equivalence if and only if it is a bijection on color sets and it is entrywise a weak equivalence. So there are fewer weak equivalences in the integral model structure than in our Dwyer-Kan model category structure on Alg(S, O). A fibration in the integral model structure is an entrywise fibration, so there are more fibrations in the integral model structure than there are in the Dwyer-Kan model category structure. In fact, using any one of the nine model category structures on the category of sets [Cam] , the associated integral model structure is still different from our Dwyer-Kan model category structure.
6.6. Quillen Adjunctions. Recall from Def. 6.3.4 the concept of a Quillen adjunction. 
is commutative, where ι is the map in (3.4.4). Then the adjunction 
of restriction functors is commutative. By the definition of the Dwyer-Kan model category structure (Def. 6.2.1), the right adjoint α * preserves both fibrations and weak equivalences, hence also trivial fibrations.
Example 6.6.2. Suppose M is a convenient model category. Corollary 6.6.1 implies that in the following diagram extracted from Example 3.4.14, 
LIFTING QUILLEN EQUIVALENCES TO ALGEBRA CATEGORIES
In this section we show that in the context of Theorem 6.5.5, the Dwyer-Kan model category structure on the algebra category Alg(S, O) is homotopy invariant with respect to a simultaneous change of the underlying category and the operadic collection. The underlying category changes via a suitable Quillen equivalence, and the operadic collection changes via a map of operadic collections that is entrywise a weak equivalence. To achieve this kind of results, some extra cofibrancy conditions are needed, which can be imposed upon either the Quillen equivalence or the operadic collections. Therefore, as we will explain below, there are two versions of the main result in this section.
7.1. Lifting Quillen Adjunctions. We first consider lifting a Quillen adjunction between the underlying categories to the categories of algebras over operadic collections. is an augmented operadic collection in N with the same S.
/ / (S, RP) is a map of operadic collections in M that is compatible with the augmentations in the sense that the diagram of operadic
is commutative. Here, for each set C,
is the S(C)-colored operad obtained by applying R entrywise to P C , as in the proof of Lemma 6.2.4, and similarly for RAs S . The map ǫ C is entrywise either the unique map ∅ / / R∅ or is isomorphic to the adjoint of a finite coproduct of the structure map L1
Definition 7.1.3. Under Assumption 7.1.1, consider the solid-arrow diagram of functors . Define the functor R α by sending (C, B) ∈ Alg(S, P) (so B is a P C -algebra) to
in which:
(1) The underlying object of RB is the result of applying R entrywise to B.
(2) The O C -algebra structure maps on RB are obtained by pulling back the structure maps of RB ∈ Alg(RP C ) along the map
Lemma 7.1.6. Under Assumption 7.1.1 the functor R α in (7.1.4) admits a left adjoint L such that there is a natural isomorphism
Proof. In the diagram (7.1.4), there is an equality
Moreover, both vertical right adjoints U are monadic in the sense of [Bor94] Proof. According to [Dug01] (A.2) (or equivalently [Hir03] 8.5.4), to show that R α is a right Quillen functor, it is enough to show that it preserves fibrations between fibrant objects and all trivial fibrations. In both Alg(S, O) and Alg(S, P) a trivial fibration is a local trivial fibration that is surjective on colors. The functor R α does not change what a map does on colors. On the underlying entries, R α is simply R entrywise, which preserves (trivial) fibrations because R is a right Quillen functor. So R α preserves trivial fibrations, local fibrations, and fibrant objects. It remains to show that R α preserves fibrations between fibrant objects.
To this end, recall the functor (−)
cat that restricts to the categorical part (3.4.15). Suppose (D, B) ∈ Alg(S, P) is fibrant, so B is an entrywise fibrant P D -algebra. To simplify the notation, we will write B Recall the functor π 0 in (4.2.3). Using the fact that B is entrywise fibrant, for any pair of objects x, y ∈ D, we have bijections:
)(x, y).
(7.1.9)
For the two isomorphisms, we used the fact that (L, R) is a Quillen adjunction and the fact that LQ1 M / / 1 N is a weak equivalence in N , respectively.
Suppose f ∈ Alg(S, P) is a fibration between fibrant objects. Since f is, in particular, a local fibration between fibrant objects, we already observed above that R α f is a local fibration between fibrant objects. It remains to show that (R α f )
cat is a homotopical isofibration. By assumption π
The calculation (7.1.9) implies that π
Example 7.1.10. Lemma 7.1.7 applies to all the adjunctions in Example 6.3.6 as long as k is a field of characteristic zero.
7.2. Cofibrant Algebras. In the proof of the main result of this section, we will need to know that a cofibrant algebra (C, A) over an operadic collection (S, O) is also cofibrant as an O C -algebra. To make sense of this, we first need to define the corresponding model category structure on O C -algebras.
Definition 7.2.1. Suppose M is a symmetric monoidal closed category with a given model category structure, and O is a C-colored operad in M for some set C (Def. 2.2.5). Following [BM03] we will say that O is admissible if the category Alg(O) of O-algebras (Def. 2.3.1) admits the model category structure in which a map is a weak equivalence (resp., fibration) if and only if its underlying map is entrywise a weak equivalence (resp., fibration) in M. This is called the projective model category structure on Alg(O). in Alg(O C ) in which p is a trivial fibration, i.e., an entrywise trivial fibration. We must show that there exists a dotted arrow f that makes the lower triangle commutative. We first equip both E and B with the same color set C with h and p the identity map on colors, so now h, p ∈ Alg(S, O).
We next consider the diagram (7.2.4) as a diagram in Alg(S, O) in which ∅ is now the initial object in Alg(S, O). Since the map p is the identity map on colors and is a local trivial fibration, it is a trivial fibration in Alg(S, O). By the cofibrancy assumption on (C, A) ∈ Alg(S, O), there exists a dotted arrow f ∈ Alg(S, O) such that p f = h. Since h and p are both the identity map on colors, so is f . Thus, f gives a map A / / E ∈ Alg(O C ) and is the desired lift of h.
Nice Quillen Equivalences.
To lift a Quillen equivalence to the categories of algebras over operadic collections, we will need some extra cofibrancy conditions on the Quillen equivalence, which we now define.
N ∶ R is an adjunction between monoidal categories with R a lax monoidal functor (Def. 4.3.8).
(1) For objects X and Y in M, the map
defined as the adjoint of the composite 
is a weak equivalence in N , where L 2 W,X is the comonoidal structure map of L (7.3.2). 
is a weak equivalence in N , in which R 0 is the adjoint of the structure
(c) For any cofibrant objects X and Y in M, the comonoidal structure map (7.3.2) is a weak equivalence in N . If, furthermore, (L, R) is a Quillen equivalence, then we call it a weak (symmetric) monoidal Quillen equivalence. 
n is a weak equivalence with U and V cofibrant in M, and X ∈ M Σn is cofibrant in M. Then the map
is a weak equivalence in M. (1) (#) (Def. 7.3.1), (♣), and (★) (Def. 7.3.6) hold in M and N . (2) N satisfies ( ). (3) M is cofibrantly generated in which every generating cofibration has cofibrant domain.
Id is a nice Quillen equivalence, i.e., if M is a cofibrantly generated monoidal model category that satisfies (♣), (★), and ( ), and if every generating cofibration in M has cofibrant domain. (1) The Dold-Kan correspondence (6.3.7) between simplicial modules and nonnegatively graded chain complexes of modules over a characteristic zero field.
(2) The adjunction between reduced rational simplicial Lie algebras and reduced rational chain complexes of Lie algebras [Qui69] (p.211).
Indeed, they are weak symmetric monoidal Quillen equivalences by [SS03] (3.16 and 4.2). The conditions (#), (♣), (★), and ( ) hold if cofibrancy in M Σn coincides with cofibrancy in M, which is true in the above characteristic zero cases. In particular, these four monoidal model categories are nice and convenient (Def. 6.5.2). Definition 7.3.9. Suppose M is a symmetric monoidal closed category with a cofibrantly generated model category structure.
(1) A C-colored operad in M is said to be Σ-cofibrant if its underlying colored symmetric sequence (2.1.4) is cofibrant with respect to the diagram model category structure [Hir03] (11.6.1), in which weak equivalences and fibrations are defined entrywise in M. (2) An operadic collection (S, O) in M is said to be Σ-cofibrant (resp., entrywise cofibrant) if O C ∈ Operad
S(C)
(M) is Σ-cofibrant (resp., entrywise cofibrant)
for each set C.
We will use the following result from [WY16] (4.2.1 and 4.3.2), which is essentially the fixed color set version of the main result of this section. in which the right adjoint R α is defined as in (7.1.5).
Remark 7.3.12. In the above theorem in [WY16] the categories Alg(O) and Alg(P) are semi-model categories [Fre09, Fre10, Hov98, Spi01] with entrywise defined weak equivalences and fibrations (Def. 7.2.1). In our main result below our assumptions will be strong enough to ensure that the algebra categories under consideration are genuine model categories. See Example 7.2.2. is the Quillen equivalence in (7.3.11) induced by the map α C ∶ O C / / RP C of S(C)-colored operads. The equality on the left side of (7.4.3) comes from the fact that R C α is defined in the same way as R α (7.1.5). We must show that ϕ ∈ Alg(S, O) is a weak equivalence if and only if ϕ ∈ Alg(S, P) is a weak equivalence. Since B is locally fibrant, the P C -algebra ϕ * B, whose entries are among those of B, is fibrant in the projective model category structure. Moreover, we have an equality
Since (C, A) ∈ Alg(S, O) is cofibrant in the Dwyer-Kan model category structure, A ∈ Alg(O C ) is cofibrant in the projective model category structure by Lemma 7.2.3. Using the Quillen equivalence (L C , R C α ) in (7.4.4), we infer that the map
is a weak equivalence if and only if its adjoint
is a weak equivalence. We have shown that ϕ is a weak equivalence if and only if ϕ is a weak equivalence. 
is the adjoint of the coproduct of maps
By our assumptions on (L, R), the map L1 M / / 1 N , which is adjoint to the monoidal functor structure map 1 M / / R1 N , is a weak equivalence between cofibrant objects. It follows that the entry map α C above is also a weak equivalence between cofibrant objects. Moreover, the augmentation compatibility diagram (7.1.2) is commutative here. In fact, the map called ǫ there is entrywise the adjoint of a sub-coproduct of the map α C above, corresponding to the subset of isomorphism classes of linear graphs. 
